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This paper tackles the problem of constructing a non-parametric predic-
tor when the latent variables are given with incomplete information. The con-
venient predictor for this task is the random forest algorithm in conjunction to
the so called CART criterion. The proposed technique enables a partial impu-
tation of the missing values in the data set in a way that suits both a consistent
estimation of the regression function as well as a probabilistic recovery of the
missing values. A proof of the consistency of the random forest estimator that
also simplifies the previous proofs of the classical consistency is given in the
case where each latent variable is missing completely at random (MCAR).

1. Introduction. Random forests algorithms are widely used in applied computer sci-
ence tasks as it fulfills two main purposes in extracting information of a possibly large scaled
data set: regression and prediction. First introduced by Breiman [5], this non-parametric tech-
nique has various computational benefits over many regression/prediction techniques as it is
fast and simple, therefore it is really common to see the complete random forest algorithm
(or parts of it) as a building block of more intricate machine learning algorithms. The small
number of hyper-parameters to be tuned in the random forests algorithm, along with the
bootstrap-aggregation technique [4] -commonly called bagging- allow a straightforward par-
allelization and has made random forests one of the most popular tools for handling data
sets of large size. It has been successfully involved in various practical problems, including
chemioinformatics [35], ecology [24, 9], 3D object recognition [33], bioinformatics [10, 34]
and econometrics [37].

On the theoretical side little is known about the mathematical properties of the method
which has lead the community to underline a “gap” between theory and practice. Part of this
gap can be explained by the bagging mechanism and the splitting criterion. Each of these
processes introduces a source of randomness into the construction of the trees (the building
blocks of the random forests algorithms) which makes the random forest algorithms very
challenging to study in its full generality. One way to tackle the theoretical justifications of
random forests is through simplified versions of the original procedure. This is often done
by simply ignoring the bagging step and/or by replacing the splitting criterion with a more
elementary splitting protocol (e.g. Breiman [6]). However, in recent years, important theoret-
ical studies have been performed to analyze more elaborated models (e.g. Biau, Devroye and
Lugosi [2], Ishwaran and Kogalur [18], Biau [1], Genuer [12], Zhu, Zeng and Kosorok [40]).
Consistency and asymptotic normality for Breiman’s infinite forests were proven by Wager
and Athey [39] simplifying the splitting step, Mentch and Hooker [23] proved a similar result
for finite forests and Scornet, Biau and Vert [31] proved a consistency result in the context
of additive regression models. Biau and Scornet [3] review gives a very good introduction to
those concepts and treat its inherent challenges which include the majority of those presented
here.
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The relative simplicity of random forests advocates for its use to handle missing data.
As an initial solution, Breiman and Cutler [7] proposed an algorithm which takes advantage
of the so-called proximity-matrix to impute the missing values and Ishioka [17] modified
it in order to obtain a new version more robust to outliers. An interesting alternative may
be the so-called surrogate splits (see Breiman et al. [8], Venables and Ripley [38], Ripley
[27], Friedman, Hastie and Tibshirani [11], Hapfelmeier, Hothorn and Ulm [14], for which no
imputation steps are required. Missing Incorporated in Attributes (MIA) [36] and conditional
trees [15] are two other approaches that has gain attention in recent years. Josse et al. [20]
perform a simulation study to compare different methods to handle missing data using trees
and study the consistency of two approaches to estimate the prediction function with missing
values in a framework of multiple imputation [30, 29], the use of a universally consistent
algorithm and for a Missing At Random (MAR) mechanism. Many of these algorithms has
been implemented in R in the package partykit [16]

The present paper gives a consistency result in the context of additive regression in pres-
ence of missing data accordingly to a Missing Completely at Random (MCAR) paradigm.
For this purpose, we propose a new splitting mechanism suited to the mathematical proof
given in Section 4. Unfortunately, this algorithm does not seems to scale with the data. A
computation study would a be a subject of a future work.

The paper is organized as follows. In Section 2 we introduce the random forests, the con-
cept of data-missing mechanisms and name some previous approaches to deal with missing
data using random forests, an overview on different methodologies to handle missing data
can be found in Josse et al. [19]. The main consistency result is presented in Section 3 and its
proof is given in Section 4.

2. Random forests: aggregating decision trees. The random forests algorithms are
named after the general technique that consists in building and exploiting the objects called
decision trees. These objects are rooted trees in the mathematical sense and are, most of
the time, binary trees. Each path starting from the root corresponds to a decision (sometime
called prediction) and the descent mechanism is usually a key part in the decision. Our ran-
dom forest algorithm is made of a set of decision trees that are later aggregated all together
(with a simple mean idea). Each branch of the tree will be random (in its construction pro-
cess) and represents a partition of the input space in two smaller regions. Moving along the
path of the decision tree corresponds to a choice of one of the two possible regions. The main
strength of random forests is that it aggregates the information of many different decision
trees in a global predictor that ends to be a lot more stable (and then a lot more informative)
than each specific tree.

Decision trees are conceptually simple yet powerful and attractive in practice for several
reasons:

• They can model arbitrarily complex relations between the input and the output space.
• They handle categorical or numerical variables, or a mix of both.
• They can be used in regression or supervised classification problems.
• They are easy interpretable, even for non-statisticians.

To construct the partition of the input space, decision trees work in a recursive way. The
root of the tree is the whole input space, X , which is splitted into disjoint regions. Then each
region is splitted into more regions, and this process is continued until some stopping rule
is applied (see Figure 1). At each step of the tree construction, the partition performed over
a cell (or equivalently its corresponding node) is determined by maximizing some splitting
criterion.

In our framework, we have access to a training set Dn = (Xi, Yi)i=1,...,n where the re-
sponse variables Yi are real valued and the input variables Xi belong to some space X .
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Fig 1: At each step of the tree construction a partition is performed over a cell (or equivalently
its corresponding node) maximizing some split criterion.

For simplicity, we assume throughout the discussion that the vector X is a uniform random
variable on the square X . In most applications the space X is a compact portion of a p dimen-
sional space. Hence in the sequel we assume, without loss of generality, that X = [0,1]p. The
task is to predict the random variable Y , with respect to the input vector X = (X(1), . . . ,X(p))
where X(j) ∈ [0,1] (for j = 1, . . . , p). For example, one could be interested in finding a func-
tion f : [0,1]p→R that minimizes the loss functional EX,Y [L(f(X), Y )] where L : R2→R
is the squared error L(f(X), Y ) = (f(X)− Y )2. The solution of this optimization problem

m= arg min
f :[0,1]p→R

EX,Y

[
(f(X)− Y )2

]
is given by the regression function m(X) = E[Y |X]. For practical problems, the distribution
of (X, Y ) and hence, the regression function, are unknown. The task is then to use the data
Dn to construct a learning model, also called learner, predictor or estimator, mn : [0,1]p→R
that estimates the regression function m, and enables us to predict the outcome for new
unseen objects. The focus of this present article is the estimation step and the authors leave
the prediction study for upcoming publications. Two distinct strategies can be used to tackle
the estimation problem, the parametric and the non-parametric estimation. In a nutshell, the
non-parametric estimation uses a model that sums up to a set of functions Fn, that serves the
minimization (often referred to Empirical Risk Minimization)

mn = arg min
f∈Fn

EDn
[
(f(X)− Y )2

]
.

The focus of this work is on the non-parametric estimation of m through random forests
algorithms. As mentioned above, a random forest is a predictor consisting of M(> 1) ran-
domized trees. The randomization is introduced in two different parts of the tree construction.
Prior to the contruction of each tree, an observations are extracted at random with (or with-
out) replacement from the learning data set Dn. Only these an observations are taken into
account in the tree construction. Then, at each cell, a split is performed by maximizing the
split criterion over a number mtry of input variables chosen uniformly at random among the
original ones. The tree construction is stopped when each final node contains less or equal
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than nodesize points or when the tree has tn final nodes. Hence, the parameters of this
algorithm are:

• M > 1, which is the number of trees in the forest.
• an ∈ {1, . . . , n}, which is the number of observations in each tree.
• mtry ∈ {1, . . . , p}, which is the number of directions (features) chosen, candidates to be

splitted. We denote byMtry the features selected in each step.
• nodesize ∈ {1, . . . , an}, which is the maximum number of observations for a node to

be a final cell.
• Instead of nodesize we can use the parameter tn ∈ {1, . . . , an}, which is the number of

leaves (final nodes) in each tree.

This randomization (independent from the original source of randomness in the sample
Dn) is represented in a symbolic random variable Θ. To each tree – randomized with the
random variable Θk – is associated a predicted value at a query point x, denoted mn(x; Θk).
The different trees are constructed by the same procedure but with independent randomiza-
tion so that the random variables Θ1, . . . ,ΘM are i.i.d. with common law Θ. The nature and
dimension of Θ depends on its use in the tree construction. In our choice of construction
rules, Θ consists of the observations selected for the tree and the candidate variables to split
at each step. At the end of the tree construction, a partition of the space X is returned in a
form of a collection of cells (An,i)i≥1. Each of these cells corresponds to a leaf of the tree
and they are called final cells to emphasize their difference with the cells that we consider
during the construction of the tree. Finally, the kth tree estimate is defined as

mn(x; Θk) =
∑

i∈In,Θk

Yi1Xi∈An(x;Θk)

N(An(x; Θk))

where In,Θk
is the set of the an observations selected prior to the construction of the kth

tree, An(x; Θk) is the unique final cell that contains x, and N(An(x; Θk)) is the number
of observations which belong to the cell An(x; Θk). The aggregation of the trees forms the
finite random forest estimate given by

mM,n(x; Θ1, . . . ,ΘM ) =
1

M

M∑
k=1

mn(x; Θk).

It is known from the work of Breiman [5] that the random forest estimate does not overfit
when M tends to infinity. This makes the parameter M only restricted by the computational
power. Besides being important in practice, we do not make big case of the choice ofM since
the following results show the consistency of each of the tree estimates, hence the consistency
of the random forest for any number M .

Different split criteria have been proposed depending on the statistical problem and the
nature of the input space. For regression purposes, the most commonly used is the CART
criterion [8]. For supervised classification, the split criterion takes the form of an impurity
function, like the misclassification error, the Gini index [13] or the criteria known as ID3
and C4.5 [25, 26] which minimize the Shannon entropy [32] and replace binary splits on
categorical variables with multiway splits.

The present work focuses on the CART split criterion. We first introduce some important
notations.

• A denotes a general node (or cell).
• N(A) holds for the number of points in A.
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• The notation d= (h, z) denotes a cut in A, where

h is a direction, h ∈ {1, . . . , p}, and
z is the position of the cut in the hth direction, between the limits of A.

• CA is the set of all possible cuts in the node A. It means that h do belong to the setMtry

and that for any chosen h, z, it lies between the bounds of the cell A in that specific
direction.

• A cell A is split into two cells denoted AL = {x ∈A : x(h) < z}, AR = {x ∈A : x(h) ≥
z}.

• ȲA (resp. ȲAL , ȲAR ) is the empirical mean of the response variable Yi for the indexes such
that Xi belongs to the cell A (resp. AL, AR).

Then, the empirical version of the CART split criterion for a generic cell A and over the full
sample Dn is defined as

Ln(A,d) =
1

N(A)

n∑
i=1

(
Yi − ȲA

)2
1Xi∈A

− 1

N(A)

n∑
i=1

(
Yi − ȲAL1X

(h)
i <z − ȲAR1X

(h)
i ≥z

)2
1Xi∈A

with the convention 0/0 = 0.
Intuitively, the CART criterion compares the empirical variance inside the cell A with the

sum of the two empirical variances of the sub-cells AR and AL. At each step of the creation
of the random tree, a current cell A is selected and cut by choosing the best empirical cut
d̂= (ĥ, ẑ) so that Ln(A,d) is maximal over the set CA, that is

d̂= (ĥ, ẑ) ∈ arg max
d∈CA

Ln(A,d).

The theoretical counterpart of the empirical CART criterion is given by

L?(A,d) =V[Y |X ∈A]−V[Y |X(h) < z,X ∈A]P[X(h) < z|X ∈A]

−V[Y |X(h) ≥ z,X ∈A]P[X(h) ≥ z|X ∈A].

Analogously to the empirical case, we define the best theoretical cut d? = (h?, z?) in A as

d? = (h?, z?) ∈ arg max
d∈CA

L?(A,d)

By the classical strong law of large numbers, Ln(A,d) converges almost surely to L?(A,d) as
n tends to infinity, for all cuts d ∈ CA. This fact leads to the interpretation that the chosen cuts
at each step of the tree construction tend to decrease the variability of the sets of data points
corresponding to the child nodes. This implies that the empirical mean in each cell tends to
stabilize around a value that correspond to the conditional mean for the cell. Applying basic
algebra, it is easy to get an equivalent expression for the empirical CART criterion, given by

(1) Ln(A,d) =
N(AL)N(AR)

N(A)N(A)

(
ȲAL − ȲAR

)2
From Equation (1), we can get an alternative expression to the theoretical CART criterion,
given by

L?(A,d) =P[X(h) < z|X ∈A]P[X(h) ≥ z|X ∈A]

×
(
E[Y |X< z,X ∈A]−E[Y |X≥ z,X ∈A]

)2
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2.1. Definition of Missigness. The concept of data-missing mechanisms (introduced by
Rubin [28]) establishes the relationship between missingness and the data. It is common to
define the data-missing mechanisms through the data matrix. However, to have a useful def-
inition from a theoretical point of view, we formally define them using the random variables
X and Y . First, let us define a new variable, called the indicator of missing value,

M(h) =

{
1 if X(h) is missing
0 otherwise

, 1≤ h≤ p

We are assuming throughout this work that the response Y has no missing values (there is not
point to include uninformative data in the sample), so it is not necessary to define an indicator
of missing variable for Y . Then, the mechanisms are fully characterized by the information
of the conditional distribution of M(h) given (X, Y ). One of the data-missing mechanisms
identified by Rubin [28] is the so-called Missing Completely at Random (MCAR). We say
that the variable X(h) is MCAR if M(h) ⊥ (X, Y ). In other words, under the MCAR assump-
tion, a coordinate X(h) has some probability to be missing in the sample and this probability
does not depend on the value of X nor the response variable Y . Note that it is allowed to get
missing rates that differ from one coordinate to another. In this work, we allow the probabil-
ity of missingness to depend on the sample size n. Let us define p(h)

n = P[M(h) = 1|Dn]. See
Theorem 1 for the condition on the values of p(h)

n .

2.1.1. Previous Approaches Implementing Imputation of Missing Values. Many methods
proposed in the literature to handle missing data using random forests operate through im-
putation in a recursive way. First, they use the original training data set, Dn, to fill the blank
spaces in a roughly way. For example, with the median of the observed values in the variable.
We denote this new data set as Dn,t1 .

The imputed data set Dn,t1 is used to build a random forest. Then, some structures of
the forest are exploited, like the so-called proximity matrix, improving the imputation and
resulting in a new data set Dn,t2 . The procedure follows iteratively until some stopping rule
is applied, for example when there is little change between the imputed values or when a fix
number of iterations is achieved. More formally, let us define

X
(h)
i,t`

=

{
X

(h)
i if M(h)

i = 0

X̂
(h)
i,t`

if M(h)
i = 1

where X̂
(h)
i,t`

is the imputation of X(h)
i at time t`, `≥ 1, and let Xi,t` =

(
X

(1)
i,t`
, . . . ,X

(p)
i,t`

)
.

In order to properly introduce previous methods that handle missing data through imputa-
tion, we need to define the connectivity between two points in a tree and the proximity matrix
of the forest. Let KΘ,n(X,X′) = 1

X
Θ↔X′

be the indicator that X is in the same final cell that
X′ in the tree designed with Dn and the parameter Θ. If KΘ,n(X,X′) = 1 we say that X and
X′ are connected in the tree mn(·; Θ). The proximity of two points is the average of times
in which they were connected in the forest, it measures the similarity of the observations in
the eyes of the random forest. Formally, let us define the proximity between X and X′ in the
finite forest, mM,n(·; Θ1, . . . ,ΘM ), as

KM,n(X,X′) =
1

M

M∑
k=1

KΘk,n(X,X′)

To simplify the notation, let KM,t`(i, j) be the proximity between Xi and Xj at time t`. That
is, KM,t`(i, j) is the proximity between Xi and Xj in the random forest constructed with the
data set Dn,t` . We also define i

(h)
miss ⊆ {1, . . . , n} as the indexes where X(h) is missing, and

i
(h)
obs = {1, . . . , n} \ i(h)

miss as the indexes were X(h) is observed.
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Breiman’s Approach. . This method was proposed by Breiman and Cutler [7]. If X(h) is
a continuous variable, X̂(h)

j,t`+1
is the weighted mean of the observed values in X(h), where

the weights are defined by the proximity matrix of the previous random forest, that is

X̂
(h)
j,t`+1

=

∑
i∈i(h)

obs
KM,t`(i, j)X

(h)
i∑

i∈i(h)
obs
KM,t`(i, j)

,
`≥ 1

j ∈ i(h)
miss

On the other hand, if X(h) is a categorical variable, X̂(h)
j,t`+1

is given by

X̂
(h)
j,t`+1

= arg max
x∈X (h)

∑
i∈i(h)

obs

KM,t`(i, j)1X
(h)
i =x,

`≥ 1

j ∈ i
(h)
miss

That is, X̂(h)
j,t`+1

is the class that maximizes the sum of the proximity considering the observed
values in the class.

Ishioka’s Approach. This method, proposed by Ishioka [17], is an improvement to out-
liers of the previous Breiman’s approach. If X(h) is a continuous variable, X̂(h)

j,t`+1
is the

weighted mean of the k nearest neighbors, according to the proximity matrix, over all the
values, both imputed and observed. The k closest values are chosen to make more robust the
method and avoid values which are outliers.

X̂
(h)
j,t`+1

=

∑
i∈neighk
i 6=j

KM,t`(i, j)X̂
(h)
i,t`∑

i∈neighk
i 6=j

KM,t`(i, j)
,

`≥ 1

j ∈ i(h)
miss

For categorical variables, it is not necessary to see only the k closest values because the
outliers of X will have few attention. Meanwhile the proximity with missing values should
have more attention, specially when the missing rate is high. Hence, if X(h) is a categorical
variable, X̂(h)

j,t`+1
is given by

X̂
(h)
j,t`+1

= arg max
x∈X (h)

∑
i 6=j

KM,t`(i, j)1X
(h)
i,t`

=x,
`≥ 1

j ∈ i
(h)
miss

MissForest. This algorithm, proposed by Stekhoven and Bühlmann [34], handle the miss-
ing data as a supervised learning problem itself, where the target variable is the input variable
with missing values. The MissForest consists in iteratively building a random forest from the
observed data and the previous imputations to predict the missing values of the input variable.

2.1.2. Previous Approaches Without Implementing Imputation of Missing Values.

“Missing” Category. For categorical variables a simple way to deal with the missing
data is to create the new category “missing” [25, 11]. However, this approach can lead to
anomalous situations as exemplified by Quinlan [25].

Ternary decision trees. We can change the structure of the trees and consider ternary
splits instead of binary, where the third child contains all observations where the feature is
missing, as Louppe [22] comments.
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Propagate in both child nodes. We can weight the samples, giving less weight to the
missing data and propagate it in both child nodes dividing the observation into fractional
objects. However, there is not an obvious methodology to calculate the weights, but as long
as the method to calculate them does not involve the target variable, this method can be used
even for prediction with missing predictors [25, 22].

Split the observations. The observations with missing values could be assigned to some
child node according to some weight that estimates the probability of belonging to each one
[27, 38].

As far as it will go. The idea of this method is to use all the observations and dropping
out those that have the splitted variable missing. An obvious problem of this alternative is that
we can finish with a relatively small amount of data very quickly. For prediction, it consists
in dropping the case down the tree as far as it will go, until we cannot longer assign the
observation to one of the child nodes. We predict with the node reached by the observation
[27, 38].

Surrogate splits. This popular alternative consists in ordering the directions that best split
the node, if the first direction is missing we take the second surrogate split, if the second is
missing we take the third and so on. The surrogate split is such that maximizes the probability
of making the same decision as the primary split [8, 27, 38, 11].

Missingn Incorporated in Attributes (MIA). The Missing Incorporated in Attributes
(MIA) approach was introduced by Twala, Jones and Hand [36]. It consists in keeping all
the missing values together when a split is performed. Thus, the splits with this approach
assign the values according to one of the following rules:

• {X(h) < z and M(h) = 1} versus {X(h) ≥ z}
• {X(h) < z} versus {X(h) ≥ z and M(h) = 1}
• {M(h) = 0} versus {M(h) = 1}

3. Main Result.

3.1. Introduction of our algorithm. Let us emphasize, through an example, the issues
that one faces with the original CART criterion in a context of missing values. Consider the
space X = [0,1]2 and two observations, X1 and X2, that belong to a cell A⊂X . We assume
that a direction and location for a cut of A have been chosen and we denote by AL and AR
the two resulting cells (see Table 1, Figure 2 for an illustration). Since its value is missing,
X

(1)
1 is represented as a dashed line 1 over the interval [0,1].
It is clear that X2 ∈AR, however it is not possible to decide, without any further operation,

if X1 ∈AR or X1 ∈AL or even if X1 ∈A. The CART criterion is then untraceable since the
quantities, N(A), N(AL), N(AR), ȲA, ȲAL , ȲAR , 1Xi∈A, 1X

(h)
i <z and 1X

(h)
i ≥z

can not be
computed.

The approach proposed in this paper keeps the form of the CART criterion and uses
adapted imputations of the untraceable parts that allow us to compute the CART criterion.
Unlike most of the so-called imputation techniques, the imputation step is not performed in-
dependently of the evaluation of the CART criterion but is integrated to its later optimization.
As a cut was chosen as a maximiser of the CART criterion in the normal set up, a couple (cut,

1In our illustrations we represent observations with missing values with dashed lines.
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x(1) x(2)

X1 0.5
X2 0.75 0.25
A [0.3,0.9] [0.2,0.7]
AL [0.3,0.6] [0.2,0.7]
AR [0.6,0.9] [0.2,0.7]

TABLE 1
Example data x(1)

x(2)

0
0

1

1

.X2

X1

A

AL AR

FIG 2
Illustration of the example data.

imputation) is chosen at each split in the creation of the random tree. The idea is that, for a
cut, the observations with missing values are assigned to the child node that maximizes our
CART criterion. Then, we move on to the next cell and we proceed in the same way until a
stopping rule is achieved.

This algorithm looks similar to other approaches that perform imputation. As an initializa-
tion, we “impute” the missing values with all the possible values of the variable, then at each
split step, the missing values locations are updated to belong to one of the node children.
Despite this similarity, our algorithm does not impute the missing places with a punctual
value, instead each tree “imputes” the missing places with an interval. Note also, that the
algorithm proposed in this work has the advantage of not having to calculate extra structures
like the proximity matrix, for example. To avoid confusion in the sequel, we make the subtle
difference between the imputation of the missing values at the start (referred to as in) of an
iteration and the imputation at the end (referred to out) of the iteration. The mathematical
formalism is as follows.

• X̂i,in =
(
X̂

(1)
i,in, . . . , X̂

(p)
i,in

)
be the current imputation of Xi.

• N̂(A) is the number of points assigned to the cell A.
• ŶA is the empirical mean of the response variable Yi such that X̂i,in belongs to the cell A.
• N̂ (h)

miss(A) =
∑n

i=1 1 X̂i,in∈A,M(h)
i =1 is the number of observations assigned to the cell

A whose variable X(h) is missing. We denote by N̂miss(A) the number of observations
assigned to A such that at least one coordinate is missing and by N̂obs(A) the number of
observations with no missing values inside the cell A.

• i
(h)
A,miss = {j1, . . . , jN̂ (h)

miss(A)} is the set of indexes of the observations assigned to the cell

A whose variable X(h) is missing.
• For each direction h, letW(h)

A = {0,1}N̂
(h)
miss(A) be the collection of binary vectors w with

the convention that wk = 1 means that the observation (Xjk , Yjk) is assigned to the left
child node and wk = 0 means that the observation (Xjk , Yjk) is assigned to the right child
node, for all jk ∈ i

(h)
A,miss.

Finally, the variables X(h)
i with i ∈ i

(h)
A,miss are updated by

X̂
(h)
i,out =

{[
a(h), z

]
if wk = 1[

z, b(h)
]

if wk = 0
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while X̂(h)
i,out = X̂

(h)
i,in for all i ∈ {1, . . . , n}\i(h)

A,miss. Every other coordinate is kept unchanged

in the process, so that, for all h′ 6= h, ∀i, X̂(h′)
i,out = X̂

(h′)
i,in . To keep the notation fairly simple,

we omit the dependence on w in the notation of X̂out even though the two notions are deeply
linked by definition. See Figure 3 for an illustration with p= 2.

A

X̂1,in.
X̂3,in.X̂4,in.

X̂7,in.

X̂2,in

X̂5,in

X̂6,in

AL AR

X̂1,out.
X̂3,out.X̂4,out.

X̂7,out.

X̂2,out

X̂5,out

X̂6,out

Fig 3: We perform a cut and assignation of points were the variable is missing, maximizing
the CART criterion Ln (A,d,w).

Finally, the CART criterion in the context of missing values is defined on a cell A by the
formula

Ln (A,d,w) =
1

N̂(A)

n∑
i=1

(
Yi − ŶA

)2
1 X̂i,in∈A

− 1

N̂(A)

n∑
i=1

(
Yi − ŶAL

)2
1 X̂i,in∈A,a(h)≤X̂(h)

i,out<z

− 1

N̂(A)

n∑
i=1

(
Yi − ŶAR

)2
1 X̂i,in∈A,z≤X̂(h)

i,out≤b(h)

where ŶAL (resp. ŶAR ) is the empirical mean of the Yi such that X̂i,out belongs to the cell AL
(resp. AR). The assignation vector w plays a role in the definition of the output imputation
vector X̂out. For a cell A and an input imputation vector X̂in, the algorithm chooses a cut
and assignation (d̂, ŵ) by maximizing Ln (A,d,w) over CA ×W(h)

A ,

(d̂, ŵ) ∈ arg max
d∈CA

w∈W(h)
A

Ln (A,d,w) .

Finally, the “imputed” intervals are updated, which we symbolize by X̂
(ĥ)
i,in← X̂

(ĥ)
i,out.

Note that, if we know the mechanism of missingness, the possible values for w might
change. For example, assume that there are missing values just in X(1), and its value is
missing when it is bigger than τ , that is, we have right censoring. Also consider that we
know the value of τ , so the missing mechanism is known. if we perform a cut at τ in X(1),
then the only admissible assignation for X̂i, where i ∈ i(h)

miss, is to the right child node.
Another interesting observation corresponds to the relation between our procedure and

Missing Incorporated in Attributes (MIA), which assigns all the observations where the split-
ted variable is missing to the same child node. Our method goes further than MIA, since not
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only considers these assignations, but also all possible combinations for the assignation of
the observations with missing values. Unfortunately, the propose algorithm does not scale
well when the percentage proportion of missing data increases.

3.2. Hypothesis and Main Theorem. We consider an additive regression model satisfying
the following properties

HYPOTHESIS 1 (H1). The response variable Y is of the form

Y =

p∑
j=1

mj(X
(j)) + ε

where X is uniformly distributed over [0,1]p, ε is an independent Gaussian centered noise
with finite variance σ2 > 0 and each component mj is continuous.

HYPOTHESIS 2 (H2). The random variables X(h)
i are not observed (missing) by follow-

ing an MCAR mechanism. The probability of missingness p(h)
n = P

[
M(h) = 1

]
only depends

on the size n of the sample Dn and limn→∞ p
(h)
n = c(h) where 0< c(h) <∞ is constant for

all h ∈ {1, . . . , p}.

THEOREM 1. Assume that H1 and H2 hold. Denote by qn the minimum number of points
in each final cell of the random trees. Then, under the condition qn→∞, the random forest
estimator with missing values is consistent in probability, i.e., for all ξ, ρ > 0 there exists
N ∈N?, such that for all n >N

P
[
|mn(X)−m(X)| ≤ ξ

]
≥ 1− ρ

The fact that qn→∞ implies that the number of points selected in each tree, an tends to
infinity. Hence, in the sequel, we assume that an→∞ and omit the dependence of the trees
over an. The condition that qn→∞ is sub-optimal, and we think that with some extra effort
the results presented in this work can be adapted to a more classical (and more powerful)
condition like an/tn→∞. In this case it is possible that not every tree is consistent but the
random forest converges to the regression function.

4. Proof of Theorem 1. Remember that, in our procedure, the CART criterion takes
“imputed” intervals which are updated after a cut is selected. From a theoretical point of
view we do not longer have observations. Hence, we introduce the notions of the input as-
signed random variable X̂in and output assigned random variable X̂out. The random variable
X̂in correspond to a prior assignation whereas X̂out corresponds to the distribution of the
assignations after the theoretical cut is performed. Furthermore, the binary assignations w
are translated into probabilities.

Formally, letW be the collection of functions from R to [0,1], and X̂in = (X̂
(1)
in , . . . , X̂

(p)
in )

be the input distribution of imputation, then X̂
(h)
out|X̂in is defined as

X̂
(h)
out|X̂in ∈A

d
=

{
X(h)|X ∈A if M(h) = 0

B(h) if M(h) = 1

where

(2) B(h) =

{(
a(h), z

)
if Ber(w(Y )) = 1(

z, b(h)
)

if Ber(w(Y )) = 0
, w ∈W
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The imputation variable w(Y ) is the (random) probability that X̂(h)
out < z conditionally to

M(h) = 1 and Y . Note that X̂in always belongs to a cell A, so the above definition of
X̂

(h)
out|X̂in ∈ A is well defined. We define the theoretical CART over a cut d = (h, z) and

a function w ∈W as

L?(A,d,w) =V[Y |X̂in ∈A]−V[Y |X̂(h)
out < z, X̂in ∈A]P[X̂

(h)
out < z|X̂in ∈A]

−V[Y |X̂(h)
out ≥ z, X̂in ∈A]P[X̂

(h)
out ≥ z|X̂in ∈A]

and the best cut and assignation (d?,w?) is selected by maximizing L? (A,d,w) over CA ×
W , that is

(d?,w?) ∈ arg max
d∈CA
w∈W

L? (A,d,w)

We define, for any subset A⊂X , the variation of m within A as

∆(m,A) = sup
x,x′∈A

|m(x)−m(x′)|

Furthermore, we denote by As(n)(X,Θ) the final cell of the tree built with the random vari-
able Θ that contains X, where s(n) is the number of cuts necessary to construct the cell in
the tree. After the last step of the tree construction, we end with a collection of imputed val-
ues that corresponds to the last imputed sample (X̂1,out, . . . , X̂n,out). Each of these vectors
are non ambiguously assigned to a specific final cell of the tree. In all that follows, when we
write an imputation X̂ without any specification of in or out, we refer to the final imputation.
The proof of Theorem 1 relies on Proposition 1 below, which states that the variation of the
regression function within a cell of a random forest is small for n large enough and helps us
to control the error of our predictor. In the sequel, we will abuse of the notation and will not
write the dependence of the cells over X and Θ.

PROPOSITION 1. Assume that H1 and H2 hold. Then,

∆(m,As(n))→ 0 almost surely.

For all x ∈ [0,1]p, we denote by L?
(
As(n), d,w

)
the theoretical CART criterion over

the cell As(n) evaluated at a cut d ∈ CAs(n)
and assignation w ∈ W . Let (d?s(n),w

?
s(n)) be

the optimal couple (cut, assignation) of the cell As(n) for the theoretical criterion and let
(d̂s(n), ŵs(n)) be the optimal couple (cut, assignation) of the cell As(n) for the empirical cri-
terion.

LEMMA 1. Assume that H1 and H2 are satisfied and fix x ∈ [0,1]p. Then for all ρ, ξ > 0,
there existsN ∈N? such that, for all n≥N if P

[
L?
(
As(n), d

?
s(n),w

?
s(n)

)
≤ ξ
]
≥ 1−ρ, then

∆(m,As(n)(x))→ 0 almost surely.

LEMMA 2. Assume that H1 and H2 are satisfied and fix x ∈ [0,1]p . Then for all ρ, ξ > 0,
there exists N ∈N? such that, for all n≥N

P
[
Ln

(
As(n), d̂s(n), ŵs(n)

)
≤ ξ
]
≥ 1− ρ
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4.1. Proof of Lemma 1.

TECHNICAL LEMMA 1. Assume that H1 and H2 are satisfied and for a cell A,
L?(A,d, w̃A,d)≡ 0 for all cuts d= (h, z) ∈ CA, where

w̃A,d = P
[
a(h) ≤X(h) < z|X ∈A,M(h) = 1

]
.

Then, m is constant on the cell A.

Proof. Without loss of generality, we will assume that the cut d= (1, z) is performed in
the first direction so that h = 1 and that the bounds of the cell A are a on the left and b on
the right. We omit the direction h and simply note X instead of X(1). Note that if X̂out is
assigned to the left child node using w̃A,d, which does not depend on Y , then X̂out follows
the same distribution than X and then our theoretical CART criterion is similar to the usual
one for every cut d= (h, z) ∈ CA, that is,

L? (d, w̃A,d) = P [a≤X < z|X ∈A]P [z ≤X ≤ b|X ∈A]
(
µYinAL − µ

Yin
AR

)2

where the notation µYinAL (resp. µYinAR ) holds for the conditional expected value of Y given
X̂in ∈A and a≤X < z (resp. z ≤X ≤ b). Because X is uniformly distributed over [0,1]p,

P [a≤X < z|X ∈A] =
z − a
b− a

and

P [z ≤X ≤ b|X ∈A] =
b− z
b− a

Next, we need to understand the distribution of Y conditionally to X̂in ∈ A. This random
variable is a mixture of the values of Y such that X ∈ A and the ones that where assigned
to the cell A through the notion of the variable X̂in. Since the vector (X̂in, Y ) has a density,
we can give a precise meaning to the quantity

(3) m̃(x) = E
[
Y |X̂in = x

]
,

for all x ∈ A. By assumption H1, we introduce the notation Y (j) =mj(X
(j)) + ε(j), where

ε(j) ∼ N (0, σ2/p) so that we have Y ∼
∑p

j=1 Y
(j). Since under the condition X ∈ A, the

random variable X is also uniformly distributed on the cell A, we have that

µYinAL = E

 p∑
j=1

Y (j)|a≤X < z, X̂in ∈A


=
∑
j≥2

E
[
Y (j)|X̂in ∈A

]
+E

[
Y (1)|a≤X < z, X̂in ∈A

]
= K̃ +

1

z − a
Cza

where K̃ does not depend on z, Cyx =
y∫
x
m̃1(t)dt and m̃1(t) = E

[
Y (1)|X̂in ∈A, X(1) = t

]
.

Analogously, we have that

µYinAR = K̃ − 1

b− z
Cza +

1

b− z
Cba
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Therefore,

L? (A,d, w̃A,d) =

(
z − a
b− a

)(
b− z
b− a

)(
1

z − a
Cza +

1

b− z
Cza −

1

b− z
Cba

)2

=
1

(z − a)(b− z)

(
Cza −

z − a
b− a

Cba

)2

Since L? (h, z, w̃A,d) = 0 by assumption, we obtain that for any a≤ z ≤ b,

Cza =
z − a
b− a

Cba.

This proves that z 7→ Cza is linear in z and thus, m̃1 is constant on [a, b]. Since the law of Y1

is a mixture of distribution such that M (1) = 0 and M (1) = 1, we have that

m̃1(t) = (1− p(1))m1(t) + p(1)E
[
Y (1)|X̂in ∈A, X(1) = t, M (1) = 1

]
where the second term does not depend on t (since the value is lost). This forces the function
m1 to be constant on the interval [a, b]. And, by additivity, the function m is constant on A.

We need a second technical lemma that states that any cell within a cell for which each
split gives a small value of L? has also a uniformly small value of the CART criterion L?.

TECHNICAL LEMMA 2. Assume constructed the imputation X̂in. Let ε > 0, then there
exists δ > 0 such that for all cell A and cut d ∈ CA satisfying L?(A,d, w̃A,d)≤ δ, we have

L?(B,d, w̃A,d)≤ ε
for all cell B ⊂A, where both notions of CART criteria are constructed with the same vector
of imputation X̂in.

Proof. We first prove the unidimensional case. Without loss of generality, we can assume
that the cell A is the interval [0,1] and we first consider the cell B of the form [0, a] with
0≤ a≤ 1. Following the lines of Technical Lemma 1, we have that

L?(A,z, w̃A,d) =
1

z(1− z)
(
Cz0 −C1

0z
)2

where for all x and y, Cyx =
∫ y
x m̃(t)dt and m̃ is defined as in Equation (3). Evaluating the

CART criterion at the value z = a, we have
1

a(1− a)

(
Ca0 −C1

0a
)2 ≤ δ.

For the cell B, at a cut level 0< z < a, we have that

L?(B,z, w̃A,d) =
1

z(a− z)

(
Cz0 −Ca0

z

a

)2

=
1

z(a− z)

(
Cz0 −C1

0z +C1
0z −Ca0

z

a

)2

≤ 2

z(a− z)
(
Cz0 −C1

0z
)2

+
2z

a− z

(
C1

0 −
Ca0
a

)2

≤ 2
1− z
a− z

L?(A,z, w̃) +
2z(1− a)

a(a− z)
δ

≤ 2
a(1− z) + z(1− a)

a(a− z)
δ ≤ 2

a(a− z)
δ.
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But since the function z 7→Cz0 is differentiable, we have thatCz0 =Ca0 −(a−z)m̃(a)+o(a−
z) when z→ a by a Taylor expansion. This shows that L?(B,z, w̃A,d)→ 0 when z→ a and
then there exists a δ0 > 0 such that L?(B,z, w̃A,d) ≤ ε when (a− z) ≤ δ0. Then, using the
previous inequalities for 0< z < a− δ0, we have that for δ = εδ0a/2, L?(B,z, w̃A,d)≤ ε. In
the same way, we generalize the previous arguments for A= [0,1]p and for a specific type of
cell

B = {x ∈A : x(1) ≤ a}

with 0< a< 1. The valuesCzy are then replaced by
∫ z
y

∫ 1
0 · · ·

∫ 1
0 m̃(t)dt1dt2 . . . dtp. The result

can be repeated for the case B = {x ∈A : x(1) ≥ a}.
For the general case of B ⊂A we see that any B can be obtained by a finite sequence of

B = Bk ⊂ Bk−1 ⊂ . . .B1 ⊂ A of subset constructed by the scheme described above. This
finishes the proof.

Proof of Lemma 1. We will show that ∆(m,As(n)(x))→ 0 a.s. by contradiction. We
assume that with positive probability, there exists a positive constant c > 0 and a sub-
sequence φ(n) of cells As(φ(n)) such that ∆(m,As(φ(n))(x)) > c. This means that in each
set As(φ(n))(x) one can find a pair of elements (xn, yn) such that

|m(xn)−m(yn)|> c.

The sequences (xn)n and (yn)n belong to the compact set [0,1]p so one can extract a sub-
sequence ψ(n) such that (xn)n and (yn)n converge respectively to two points x and y. By
continuity of m, we have that

|m(x)−m(y)|> c.

At the cost of taking an x′ and y′ close to x and y, satisfying

|m(x′)−m(y′)|> c

2
,

and such that, for n large enough, all the cells As(φ(n)) contain the pair of points x′ and y′.
By hypothesis, we know that

sup
d∈CAs(φ◦ψ(n))

L?(As(φ◦ψ(n)), d, w̃)→ 0 in probability

where we just wrote w̃ for the choice of the assignation given in Technical Lemma 1. So
one can extract a subsequence χ(n) such that the supdL

?(As(φ◦ψ◦χ(n)), d, w̃) converges to 0
almost surely. For simplicity, we keep denoting n for the sub-sequence φ ◦ ψ ◦ χ(n) in the
following part of the proof. Lastly, we define the sequence of cells (Ci)i≥1 such that

Ci =

i⋂
k=1

As(k).

These cells form a non increasing sequence for the inclusion order and for each i, Ci ⊂As(i).
The cells Ci inherit the same vector of imputation as for As(i). We can use Technical Lemma
2 to get that supd∈CAs(n)

L?(Cn, d, w̃)→ 0 a.s. Since the sequence of cells (Ci)i is a non
increasing sequence, there exists a cell, denoted C∞ that is the limit of the cells Ci when
i→∞ in the sense

C∞ =
⋂
i≥1

Ci.
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To see that, one can write Ci =
∏
h[a

(h)
i , b

(h)
i ] and take the limits of the sequences (a

(h)
i )i

and (b
(h)
i )i. The objective is to show that there is no other possibilities than having

L?(C∞, d, w̃) = 0 for every cut d. For a cell A, the CART criterion L?(A,d, w̃A,d) has a
continuous behavior with respect to A. Indeed, we see that

L? (A,d, w̃A,d) = P
[
a(h) ≤X(h) < z|X ∈A

]
P
[
z ≤X(h) ≤ b(h)|X ∈A

]
(µ̂AL − µ̂AR)2

which is a product of three terms that are uniformly continuous in A (since m is a continuous
function) with respect to the distance between cells given by ∆(A,B) = maxh |x

(h)
A −x

(h)
B |+

maxh |y
(h)
A − y

(h)
B | where x(h)

A and y(h)
A are defined as A =

⋂
h[x

(h)
A , y

(h)
A ]. Since Ci→ C∞

for the distance ∆, we have that for all ε > 0, for all i large enough, for all cut d of the final
cell C∞,

|L? (Ci, d, w̃)−L? (C∞, d, w̃) | ≤ ε.

But since the L? (Ci, d, w̃) converges almost surely uniformly in d to 0, and ε is arbitrary,
for every cut d inside the valid cuts of C∞, we have that L?(C∞, d, w̃) = 0. But then by
Technical Lemma 1, the function m has to be constant in the cell C∞. But the points x′ and
y′ do belong to the cell C∞ since they belong to each of the cells in the intersection. So
m(x′) =m(y′) which contradicts the fact that |m(x′)−m(y′)|> c/2. This proves that

∆(m,As(n)(x))→ 0 almost surely.

4.2. Proof of Lemma 2. Remember that As(n) denotes the final cell of the tree built with
the random variable Θ that contains X, where s(n) is the number of cuts necessary to con-
struct the cell. Similarly, Ak is the same cell but where only the first k cuts have been per-
formed.

TECHNICAL LEMMA 3. Assume that H1 and H2 hold and fix x ∈ [0,1]p. For all ρ, ξ > 0
there exists N ∈N? such that for all n≥N there exists k0(n) ∈N? such that

P
[∣∣Ln (As(n), d̂s(n), ŵs(n)

)
−Ln

(
Ak, d̂s(n), ŵs(n)

)∣∣≤ ξ]≥ 1− ρ, for all k ≥ k0(n)

Proof. Fix α,ρ > 0 and consider the following standard inequality on a Gaussian tail

P[ε1 ≥ α]≤ σ2

t
√

2π
exp

(
− t2

2σ2

)
then, simple calculations show that, for all n ∈N?

(4) P

{∣∣∣∣∣
n∑
i=1

εi

∣∣∣∣∣≥ nα
}
≤ σ

α
√
n

exp

{
−α

2n

2σ2

}
Note that there are at most n(n + 1)/2 sets of the form {i : X

(h)
i ∈ [an, bn],M

(h)
i = 0}

for 0 ≤ an < bn ≤ 1. On the other hand, let (Y(1), . . . , Y(n)) be the order vector of Y , since
missing observations are assigned to the cell using Y and maximizing the CART criterion,
this implies that close values of Y must be assigned to the same cell, thus once again note
that there are at most n(n+ 1)/2 sets of the form {i : Y(i) ∈ [an, bn],M

(h)
i = 1} for 0≤ an <

bn ≤ 1.
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We deduce from Equation (4) and the union bound, that there exists N1 ∈ N? such
that, with probability at least 1 − ρ, for all n ≥ N1 and all 0 ≤ an < bn ≤ 1 satisfying
N̂
(∏p

h=1[a
(h)
n , b

(h)
n ]
)
≥ qn,

(5)

∣∣∣∣∣ 1

N̂
(∏p

h=1[a
(h)
n , b

(h)
n ]
) n∑
i=1

εi1 X̂i∈A

∣∣∣∣∣≤ σn4p

α
√
n

exp

{
−α

2n

2σ2

}
≤ α

Furthermore, making use of the same ideas and applying the inequality P[χ2(n) ≥ 5n] ≤
e−n (for interested readers, see Laurent and Massart [21]), there exists N2 ∈ N? such
that, with probability at least 1 − ρ for all n ≥ N2 and all 0 ≤ an < bn ≤ 1 satisfying
N̂
(∏p

h=1[a
(h)
n , b

(h)
n ]
)
≥ qn

(6)
1

N̂
(∏p

h=1[a
(h)
n , b

(h)
n ]
) n∑
i=1

ε2
i1 X̂i∈A ≤ σ̃

2

where σ̃2 is a positive constant, depending only on ρ. Since (Ak)k is a decreasing sequence
of compact sets, for every ξ > 0 there exists k0 such that, for all k ≥ k0

(7) max
(
‖ak − as(n)‖∞,‖bk − bs(n)‖∞

)
≤ ξ

where ak =
(
a

(1)
k , . . . , a

(p)
k

)
∈ [0,1]p and bk =

(
b
(1)
k , . . . , b

(p)
k

)
∈ [0,1]p such that

Ak =

p∏
j=1

[
a

(j)
k , b

(j)
k

]
We define as(n) and bs(n) analogously for the cell As(n). Since the variable X is uniformly
distributed in the hypercube [0,1]p and the missing entries follow the MCAR mechanism
we have that, for any cell A, N̂obs(A)/N̂obs([0,1]p)→ Vol(A) almost surely as n→∞.
Furthermore, for any k ≥ k0(n), Equation (7) implies that Vol(Ak)≤ (1 + 2ξ)pVol(As(n)).
Then there exists N3 ∈N? such that for all n≥N3, N̂obs(Ak)≤ (1 + 3ξ)pN̂obs(As(n)), and

(8) N̂obs(Ak \As(n))≤ ξ′N̂obs(As(n))≤ ξ′N̂obs(Ak)

where ξ′ = (1 + 3ξ)p−1. On the other hand, for any fixed n, the quantity uk = N̂miss(Ak)−
N̂miss(As(n)) converges to 0 almost surely as k→∞. Now taking n ≥ N3 fixed we have
that there exists a k1(n) such that for all k ≥ k1(n), with probability at least 1− ρ, we have

N̂(Ak\As(n)) = (N̂obs(Ak) + N̂miss(Ak))− (N̂obs(As(n)) + N̂miss(As(n)))

= N̂obs(Ak \As(n)) + uk

≤ 2ξ′N̂obs(As(n))(9)

where we used Equation (8) and the fact that convergence almost sure implies convergence
in probability. For the rest of the proof, we take k ≥ max{k0(n), k1(n)} and assume that
Equations (5),(6) and (9) are satisfied, which occurs with probability at least 1− 3ρ for every
n > N with N = max{N1,N2,N3}. Note that Ak \As(n) is either a final node, contains at
least one final node or is empty (in which case the result holds trivially). Since each final
node contains at least qn points then for qn sufficiently large, using equation (5) we conclude
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that |ŶAk | ≤ ‖m‖∞ + α, |ŶAs(n)
| ≤ ‖m‖∞ + α and |ŶAk\As(n)

| ≤ ‖m‖∞ + α. We use the
following decomposition∣∣Ln (Ak, d̂s(n), ŵs(n)

)
−Ln

(
As(n), d̂s(n), ŵs(n)

)∣∣≤K0 +KL +KR

where the three terms K0, KL and KR are given by

K0 =
∣∣∣ 1

N̂(Ak)

n∑
i=1

(Yi − ŶAk)2
1 X̂i∈Ak −

1

N̂(As(n))

n∑
i=1

(Yi − ŶAs(n)
)2
1 X̂i∈As(n)

∣∣∣,
KL =

∣∣∣ 1

N̂(Ak)

n∑
i=1

(Yi − ŶAL,k)2
1

X̂i∈Ak,X̂(ĥ)
i <ẑ

− 1

N̂(As(n))

n∑
i=1

(Yi − ŶAL,s(n)
)2
1

X̂i∈As(n),X̂
(ĥ)
i <ẑ

∣∣∣,
KR =

∣∣∣ 1

N̂(Ak)

n∑
i=1

(Yi − ŶAR,k)2
1

X̂i∈Ak,X̂(ĥ)
i ≥ẑ

− 1

N̂(As(n))

n∑
i=1

(Yi − ŶAR,s(n)
)2
1

X̂i∈As(n),X̂
(ĥ)
i ≥ẑ

∣∣∣.
We first tackle the term K0 that can be upper bounded once again by using a similar split in
K0 ≤K0,1 +K0,2 +K0,3 where

K0,1 =
∣∣∣ 1

N̂(Ak)

n∑
i=1

(Yi − ŶAk)2
1 X̂i∈As(n)

− 1

N̂(Ak)

n∑
i=1

(Yi − ŶAs(n)
)2
1 X̂i∈As(n)

∣∣∣
K0,2 =

∣∣∣ 1

N̂(Ak)

n∑
i=1

(Yi − ŶAs(n)
)2
1 X̂i∈As(n)

− 1

N̂(As(n))

n∑
i=1

(Yi − ŶAs(n)
)2
1 X̂i∈As(n)

∣∣∣
K0,3 =

∣∣∣ 1

N̂(Ak)

n∑
i=1

(Yi − ŶAk)2
1 X̂i∈Ak\As(n)

∣∣∣
For K0,1, observe that

|ŶAk − ŶAs(n)
|=
∣∣∣ 1

N̂(Ak)

n∑
i=1

Yi1 X̂i∈Ak\As(n)
+

1

N̂(Ak)

n∑
i=1

Yi1 X̂i∈As(n)
− ŶAs(n)

∣∣∣
≤
N̂(Ak \As(n))

N̂(Ak)
|ŶAk\As(n)

− ŶAs(n)
|

≤ 4ξ′(‖m‖∞ + α)

Hence,

K0,1 ≤
2

N̂(Ak)
|ŶAs(n)

− ŶAk |

∣∣∣∣∣
n∑
i=1

(
Yi +

ŶAs(n)
+ ŶAk

2

)
1 X̂i∈As(n)

∣∣∣∣∣
≤ 8ξ′(‖m‖∞ + α)

N̂(Ak)

[∣∣∣N̂(As(n))ŶAs(n)

∣∣∣+ ∣∣∣∣∣ ŶAs(n)
+ ŶAk

2
N̂(As(n))

∣∣∣∣∣
]

≤ 16ξ′(‖m‖∞ + α)2
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For the term K0,2, with the help of Equation (6) observe that

K0,2 ≤
N̂(Ak \As(n))

N̂(Ak)

∣∣∣ 1

N̂(As(n))

n∑
i=1

(Yi − ŶAs(n)
)2
1 X̂i∈As(n)

∣∣∣
≤ 2ξ′

∣∣∣ 1

N̂(As(n))

n∑
i=1

Y 2
i 1 X̂i∈As(n)

+ Ŷ 2
As(n)

∣∣∣
≤ 2ξ′

[
(‖m‖∞ + α)2 +

1

N̂(As(n))

n∑
i=1

m2(Xi)1 X̂i∈As(n)

+
∣∣∣ 2

N̂(As(n))

n∑
i=1

m(Xi)εi1 X̂i∈As(n)

∣∣∣+ 1

N̂(As(n))

n∑
i=1

ε2
i1 X̂i∈As(n)

]
≤ 2ξ′

[
(‖m‖∞ + α)2 + ‖m‖2∞ + 2‖m‖∞α+ σ̃2

]
Regarding K0,3, observe that

K0,3 ≤ 2ξ′
∣∣∣ 1

N̂(Ak \As(n))

n∑
i=1

(Y 2
i + 2YiŶAk + Ŷ 2

Ak)1 X̂i∈Ak\As(n)

∣∣∣
≤ 2ξ′

[∣∣∣ 1

N̂(Ak \As(n))

n∑
i=1

(m(Xi) + εi)
2
1 X̂i∈Ak\As(n)

∣∣∣
+

2

N̂(Ak \As(n))
(‖m‖∞ + α)

∣∣∣ n∑
i=1

(m(Xi) + εi)1 X̂i∈Ak\As(n)

∣∣∣
+ (‖m‖∞ + α)2

]

≤ 2ξ′

[
‖m‖2∞ + 2‖m‖∞

∣∣∣ 1

N̂(Ak \As(n))

n∑
i=1

εi1 X̂i∈Ak\As(n)

∣∣∣
+

1

N̂(Ak \As(n))

n∑
i=1

ε2
i1 X̂i∈Ak\As(n)

+ 2(‖m‖∞ + α)2 + (‖m‖∞ + α)2

]
≤ 2ξ′[3(‖m‖∞ + α)2 + ‖m‖2∞ + 2‖m‖∞α+ σ̃2]

Therefore, there exists a universal constant C > 0 such that K0 ≤Cξ and with similar argu-
ments we can show that KL ≤ Cξ and KR ≤ Cξ. Which concludes that with probability at
least 1− 3ρ,

∣∣Ln (Ak, d̂s(n), ŵs(n)

)
−Ln

(
As(n), d̂s(n), ŵs(n)

)∣∣≤ 3Cξ

Proof of Lemma 2. Assume that H1 and H2 are satisfied, fix x ∈ [0,1]p and Θ. Then, let
us show by contradiction that for all ξ > 0, there exists N ∈N? such that, with probability at
least 1− ρ for all n≥N

Ln

(
As(n), d̂s(n), ŵs(n)

)
≤ ξ.
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So, assume that there exists c > 0, 0< p0 < 1 and a sub-sequence φ(n) such that

Lφ(n)

(
As(φ(n)), d̂s(φ(n)), ŵs(φ(n))

)
> c

with probability at least p0. To keep the notation simple, we omit to write φ(n) and still write
n for the indexes of the sub-sequence. Additionally, assume that k is sufficiently large so that
the conclusion of Technical Lemma 3 is satisfied, hence

(10)
∣∣Ln (Ak, d̂s(n), ŵs(n)

)
−Ln

(
As(n), d̂s(n), ŵs(n)

)∣∣≤ ξ
and equation (7) is satisfied. Note that all the feasible cuts d in Ak must be performed in
Ak \As(n), otherwise dwould splitAs(n) and (Ak)k would not converge toAs(n) (see figure 4
for an illustration in p= 2). From here we conclude that

Ln

(
Ak, d̂s(n), ŵs(n)

)
≤ sup

d∈CAk
∩CAs(n)

w∈WAk

Ln (Ak, d,w)≤ sup
d∈CAk
w∈WAk

Ln (Ak, d,w)≤ ξ

Ak

As(n)

≤ δ ≤ δ

≤ δ

≤ δ

d

Fig 4: All feasible cuts in Ak must be per-
formed in the Ak \As(n), like the cut d in
the figure, otherwise the cut would split
As(n).

On the other hand, from equation (10), with probability at least p0, we have

c− ξ ≤ Ln
(
As(n), d̂s(n), ŵs(n)

)
− ξ2 ≤ Ln

(
Ak, d̂s(n), ŵs(n)

)
Hence, we have, with probability at least p0,

c−Cξ ≤ Ln
(
Ak, d̂s(n), ŵs(n)

)
≤ ξ

which is absurd, since c > 0 is fixed and ξ is arbitrarily small. Thus the result follows.

4.3. Proof of Proposition 1. For a cellA, fix a cut d ∈ CA and consider a functionw ∈W ,
we need to define Ln(A,d,w). This is done according to the following procedure, first cre-
ate a random vector W of dimension N̂ (h)

miss(A) = Card(i
(h)
A,miss), where Wk = Ber(w(Yjk))

for jk ∈ i
(h)
A,miss, then assign the observations X̂jk to the child nodes according to the ran-

dom vector W . Once we have assigned the observations to the child nodes, we evaluate the
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empirical CART criterion Ln considering these assignations. Note that in this case Ln is a
random variable and the assignations are independent to each other so Ln(A,d,w) is a sum
of independent random variables with the same distribution. Hence, by the strong law of
large numbers Ln(A,d,w)→ L?(A,d,w) almost surely as n→∞ for all cuts d ∈ CA and
all functions w ∈W .

We prove the almost sure convergence of ∆(m,As(n)) towards 0 by showing that the
theoretical CART criterion of the sequence (As(n))n tends to 0 and use of Lemmas 1 and 2.
Note that

L?
(
As(n), d

?
s(n),w

?
s(n)

)
−Ln

(
As(n), d̂s(n), ŵs(n)

)
= L?

(
As(n), d

?
s(n),w

?
s(n)

)
−Ln

(
As(n), d

?
s(n),w

?
s(n)

)
+Ln

(
As(n), d

?
s(n),w

?
s(n)

)
−Ln

(
As(n), d̂s(n), ŵs(n)

)
≤ L?

(
As(n), d

?
s(n),w

?
s(n)

)
−Ln

(
As(n), d

?
s(n),w

?
s(n)

)
Where the last inequality comes from noting that Ln

(
As(n), d̂s(n), ŵs(n)

)
≥ Ln

(
As(n), d,w

)
for all cut d ∈ CAs(n)

and assignation w ∈W(ĥ)
As(n)

, where d̂s(n) = (ĥ, ẑ). As discussed above,

by strong law of large numbers L?
(
As(n), d

?
s(n),w

?
s(n)

)
− Ln

(
As(n), d

?
s(n),w

?
s(n)

)
→ 0, al-

most surely. Fix ξ, ρ > 0, for n sufficiently large, we have

L?
(
As(n), d

?
s(n),w

?
s(n)

)
−Ln

(
As(n), d̂s(n), ŵs(n)

)
≤ ξ almost surely.

On the other hand, by Lemma 2, there exists N1 such that for all n≥N1, with probability at
least 1− ρ

Ln

(
As(n), d̂s(n), ŵs(n)

)
≤Cξ

Hence, with the same probability,

L?
(
As(n), d

?
s(n),w

?
s(n)

)
≤ ξ

And by Lemma 1, we conclude that

∆(m,As(n))
a.s.−−→ 0

4.4. Proof of Theorem 1. Let

mn(X) =
1

N̂(As(n)(X))

n∑
i=1

Yi1 X̂i∈As(n)(X)

our tree estimator and define two other quantities. The first one takes our partition of the cells
As(n) built up using the imputed variables but considers the local means using the complete
(unseen) observations Xi,

m′n(X) =
1

N(As(n)(X))

n∑
i=1

Yi1Xi∈As(n)(X),

while the second one takes m(Xi) for the prediction and the complete observations Xi,

m′′n(X) =
1

N(As(n)(X))

n∑
i=1

m(Xi)1Xi∈As(n)(X).
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By Equation (5), we know that for all α, ξ > 0 there exists N ∈N?, such that for all n≥N ,

P
[
|m′n(X)−m′′n(X)| ≥ α

]
= P

[∣∣∣∣∣ 1

N(As(n)(X))

n∑
i=1

(
Yi −m(Xi)

)
1Xi∈As(n)(X)

∣∣∣∣∣≥ α
]

= P

[∣∣∣∣∣ 1

N(As(n)(X))

n∑
i=1

εi1Xi∈As(n)(X)

∣∣∣∣∣]
≤ ξ

On the other hnd, note that m′′n(X) =
∑n

i=1Wn,i(X)m(Xi), where

Wn,i(X) =
1

N(As(n)(X))
1Xi∈As(n)(X)

Then,

E[m′′n(X)−m(X)]2 = E

[
n∑
i=1

Wn,i(X)m(Xi)−m(X)

]2

= E

[
n∑
i=1

√
Wn,i(X)

√
Wn,i(X)(m(Xi)−m(X))

]2

(Applying Cauchy-Schwartz’s inequality)

≤ E

[
n∑
i=1

Wn,i(X)

n∑
i=1

Wn,i(X)(m(Xi)−m(X))2

]

= E

[
n∑
i=1

Wn,i(X)(m(Xi)−m(X))2
1Xi∈As(n)(X)

]
Note that (m(Xi)−m(X))2

1Xi∈As(n)(X) ≤∆(m,As(n)(X))2, hence

E[m′′n(X)−m(X)]2 ≤ E
[
∆(m,As(n)(X))2

]
Since ∆(m,As(n)(X)) ≤∆(m, [0,1]p) <∞, we can use the dominated convergence theo-
rem, and conclude that, using Proposition 1,

lim
n→∞

E[m′′n(X)−m(X)]2 = 0.

Hence we have the consistency m′n(X)
P−→m(X). This means that a (fictive) estimator built

upon the empirical partition but where all the values are observed to compute the empirical
mean step is consistent. We will use this fact to show mn(X)

P−→m(X).
First, consider the case in dimension 1. We use the specific case where a cut d and an

assignation w (of the cell As(n)) leaves all the observed points to the left and assigns all
the missing observations to the right. By Lemma 2, we know that for n sufficiently large
Ln(As(n), d,w)≤ ξ. As already seen in Equation (1),

Ln(As(n), d,w) =
N̂obs(As(n))N̂miss(As(n))

N̂(As(n))N̂(As(n))

(
Ŷobs − Ŷmiss

)2

By the convergence of m′n(X), we have, in particular that Ŷobs
P−→m(X).
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Using the same ideas as in Lemma 2, there exists N ∈N? such that, with probability at
least 1−ρ for all n≥N , N̂obs(As(n))/N̂(As(n))≥ c, where c > 0 is a constant. On the other

hand, if N̂miss(As(n))/N̂(As(n))
P−→ 0 then, trivially mn(X)

P−→m′n(X) so let us consider the
case N̂miss(As(n))/N̂(As(n))≥ c′, hence with probability at least 1− ρ,(

Ŷobs − Ŷmiss
)2
≤ ξ

cc′
.

This shows that the random variable Ŷobs− Ŷmiss converges to 0 in probability. Since Ŷobs
P−→

m(X), we obtain that Ŷmiss
P−→m(X). Finally, using the following formula for mn(X)

mn(X) =
N̂obs(As(n)(X))

N̂(As(n)(X))
Ŷobs +

N̂miss(As(n)(X))

N̂(As(n)(X))
Ŷmiss

we conclude that mn(X)
P−→ m(X). For dimension bigger than 1, denote again Y (j) =

mj(X
(j)) + ε(j), where ε(j) ∼N (0, σ2/p) so that we have Y ∼

∑p
j=1 Y

(j) and define

m(j)
n (X) =

1

N̂(As(n)(X))

n∑
i=1

Y
(j)
i 1 X̂i∈As(n)(X).

Consider the cut in the direction 1 which leaves all the observations where M(1) = 0 to the
left and assigns the observations where M(1) = 1 to the right. We denote Ŷobs(1) and Ŷmiss(1)

the respective (on the left and on the right) empirical means. By the arguments in dimension
1, we have that Ŷobs(1) − Ŷmiss(1)→ 0 in probability. By definition,

Ŷobs(1) − Ŷmiss(1) = Ŷ
(1)
obs − Ŷ

(1)
miss +

 p∑
j=2

Ŷ
(j)
obs(1) −

p∑
j=2

Ŷ
(j)
miss(1)

 .

Since the random variable Y (j) (j 6= 1) is independent of the random variable X̂(1) condi-
tionally to X̂ ∈ As(n), the distributions of the two sums on the right hand side are equal.
Since each random variable Ŷ (j) converges (see Technical Lemma 1) we conclude that the
difference of the two sums converges in probability to 0. Hence, Ŷ (1)

obs − Ŷ
(1)
miss→ 0 in prob-

ability. This finally shows that m(1)
n (X)

P−→m1(X). Similarly, we show that for all j ≥ 1,
m

(j)
n (X)

P−→mj(X) and thenmn(X)
P−→m(X) by summation of the p previous convergences

which concludes the proof of the Theorem.
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